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1 Introduction

On the subject of pulses, there are many different mathematical formalisms which can be found in the
literature. I've found all of them quite confusing and inadequate in clearly describing their properties.
The purpose of this document, as the title suggests, is to present a useful mathematical formalism for
representing pulses. It was written with ultrashort pulses of light in mind, but could easily be applied
to any type of complex envelope function.

Formulas are presented for three different pulse types: the Gaussian, the sech, and the Lorentzian.
They are expressed such that

e The total integrated pulse energy is unity.
e The full width at half max (FWHM) is a obvious variable in the pulse expression.
e They are conveniently expressed in either the time or frequency domain.

Furthermore, for each pulse type, analytic formulas for the time-bandwidth product and the total inte-
grated energy with bounds are given.

1.1 Notation

In this document, the variables are used with the following conventions these variables are related to
each other by

2w 27c
k=2 = 1
T w=Z 1)
and
¢ = 299792458 m/s (2)
where variables in bold are vectors. Thus, for example, in Cartesian coordinates the electric field
E;
E= E, (3)
E,

variable name

electric field
full width at half maximum in the time domain
full width at half maximum in the angular frequency domain

k spatial angular frequency
r position vector

w angular frequency

c speed of light

A wavelength

t time

E

ot

ow

Table 1: Description of variables.



2 Pulses of Light

The popular plane wave solution to Maxwell’s equations is
E(r,t) = Egelkr—«b (4)

(i.e. monochromatic light with angular frequency w and position vector r). As mentioned in the intro-
duction, we are most interested in the behavior of pulses of light. Pulses are characterized not by one
frequency, but a continuum of frequencies

1 & .
B(r, 1) = 5- / Bo(w) eilr—1) (5)
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Here f}(w) represents the envelope of the pulse in its angular frequency domain.

The particular formulation of Equation[flis that of the Fourier transform. A Fourier transform enables
the representation of an arbitrary pulse by a linear superposition of simple oscillatory functions - here
mutually orthogonal complex exponential functions which satisfy the electromagnetic wave equation.
The Fourier transform and its inverse are defined by

10 =5 [ Fw)em = 7 () ()
and
flw)= [ ft)e“tdt = F*(f(1)) (7)

Where the convention .# T is the Fourier transform, and %~ is its inverse. In the same way, pulses can
be represented in both the time and angular frequency domain as a Fourier transform pair

E(t) = % /_OO E(w)e ™ dw (8)
Blw) = [ T B et dt ()
FH(B() = Bw) (10)
7 (Bw)) = B() )

3 Envelope Functions

The mathematical description of the pulse envelope is carried out with variables as designated in Figure[2l
The envelopes are described in either the time or angular frequency domain by f(t) or f (w), respectively.
The variables 6t and dw represent the full width at half mazimum (FWHM) — the width of |f(¢)|*> or
|/ (w)|? at half of its maximum value. The product of the two, dtdw, is the time bandwidth product. As
a consequence of the Fourier relationship, as the width of the pulse increases in the time domain, the
spectral width decreases in the frequency domain and vice-versa. In terms of the actual electric field F,
which contains a fast oscillating real and imaginary part, the function f is related by |f|? = |E|? (f has
no oscillatory component). This is detailed in Figure [Il
For all pulse types we have normalized them so that the temporal integral

/joyf(t)fdt: 1 (12)

and the integral over angular frequency

/_Oo|f(w)‘2dw:2ﬂ' (13)

For convince, this section treats envelope functions in a purely mathematical sense; the variables them-
selves dimensionless. Some common pulse shapes for modern femtosecond lasers are plotted in Figure
Bl They are the Gaussian, the sech, and the Lorentzian. These specific pulse shapes are important in
part because they are so called transform limited: for a given spectrum they represent the shortest pulse
duration possible and the time-bandwidth product dtéw is minimized for that pulse type.
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Figure 1: The envelope of a pulse is defined as the magnitude squared of its complex valued electric field.
Since the function f in the derivations has no oscillatory component, the relation between f and E is
given by |f|? = |E|?.
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Figure 2: Definition of terms. A pulse can be represented in either the time f(¢) or angular frequency
f (w) domain through a Fourier transform relationship. The parameters ¢t or dw are the width of the
function at half its maximum value. As the width of the pulse increases in the time domain, the spectral
width decreases in the frequency domain and vice-versa.



3.1 Gaussian Pulse
A Gaussian pulse is defined by the temporal envelope

Ft,a) = Ae t"/(27) (14)
Where « is some, yet to be determined parameter (controlling the width of the pulse) and A is a
normalization constant. The first step is to normalize Equation [I4] and find A as per the condition
described in Equation To find do so, the well known Gaussian integral is computed

[ Jees

dt = A%a/T (15)

1
a7
Substitution of A into Equation [[4] the following is obtained
flt, o) = (ay/m) /2 e t/(20%) (17)

In its current form using the variable a in effect controls the width of the envelope. Since we are
interested in characterizing pulses by their FWHM, it is prudent to replace o with ¢, such that §¢
represents the FWHM — the width of the magnitude squared envelope at half the maximum value.
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(22)
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t = +a+/log2 (24)
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ot
0t =2av/log2 , a=——— 25
8 24/ log 2
Note that the solution in terms of ¢ is symmetric about ¢ = 0. The parameter 0t is then 2|¢|, fitting with
the definition of the FWHM (Figure [2).
The variable o can then be inserted into Equation [[7] obtaining our final expression.

24/ log2 Y2
(0] —_2£2 1o 2
f(t’ét) < VT (?t ) e e (26)

We now have an expression where §t describes the full width at half maximum of the magnitude squared
envelope. That is to say,

V@jMQ:%UQﬁUF (27)

The envelope is also normalized. By taking the Fourier transform of Equation 26l a complementary
equation f(w,dt), in terms of angular frequency (and the same parameter §t) can be obtained

FH(f(t,0t) = f(w,dt) (28)
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From a table of indefinite integrals[2], an integral of the same form is found to be

/OO e—at2 e—2bt dt = ﬁ e172/0, (30)
oo V a

Equating terms in the exponents from Equation 29] we obtain

2log 2 —iw
— b= — 1
== 5 (31)

The integral can then be evaluated
> [ 24/log2 V2
3 og —2t2log 2/t _iwt
flw,dt) = / <7 e & et dt (32)
—oo \ /Tt
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therefore

1/2
Flw, ot) = Vot 0”512/ (810g.2) (34)
’ v/ log 2

Equation [B4] is also normalized. Note that

/OO If (@)|° = 2r (35)

This is consistent with the Fourier transformed pulse defined in units of angular frequency.

At this point it is important to point out that the pulse envelope in both the time and angular
frequency domain have been characterized entirely in terms of the (temporal) FWHM §¢. This is not a
mistake. The intention here is to simplify the (eventual) numerical computation by having one parameter
controlling the width of the pulse. For example, if a 40 fs pulse was to be obtained by sampling in angular
frequency space, the integral

f(t,40fs) = % /_ h fw,40fs) e 7t dw (36)

would be computed to obtain the pulse (in units of femtoseconds). Of course, the actual FWHM of the
pulse f (w, dt) is not dt. This will be addressed shortly.

The literature often quotes what is referred to as the time bandwidth product, dtdw. As written,
Equation 26l has a FWHM of §t — the magnitude squared of the function decreases to half its maximum
value for ¢t = +6t/2. The FWHM of Equation B4l can be found in an analogous way by solving the
following equation with width §t
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Note in the last step we have defined dw to be the FWHM of f (w). Multiplying them together yields
the time bandwidth product

4log?2
0tdw = dt 44
“ 5t (44)
=4log2 ~ 2.7726 (45)

Because it is in terms of angular frequency, this result differs from the time bandwidth product, often
quoted in literature in terms of ordinary frequency, 6tév, by a factor of (27)~1

dtdw  2log2

21 T

Stov = ~ 0.4413 (46)

Gaussian functions of this form have a useful expression for their definite integrals. This can be
taken advantage of to determine what integration boundaries must be chosen to encompass a certain
proportion of the total pulse energy.

For Gaussians symmetric about the origin, this integral is expressed in terms of the error function
erf

_Zzt:—er qa
e” d VT f 47
0 2q

Because the Gaussian is symmetric about the origin ¢ = 0, this can be trivially rewritten
/ it qp = YT erf(qa) (48)
—a q

Using this form to evaluate Equation 26 with ¢ = 24/ log 2 /ét,
@ @ 2 lOg 2 2 2
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Solving for a, we introduce a variable X such that X represents a proportion of the total pulse energy

f(iw ) _x (52)

ot
2a+/log?2
20V 082 _ inverf(X) (53)

ot
a= _o inverf(X) (54)

24/ log 2

Having found a, let ((dt, X) be defined as the function returning a,

C(6t, X) = inverf(X) (55)

ot
24/ log 2
Where inverf(X) is the inverse error function. This function expresses the bounds required to obtain a

pulse with an energy of X of the total energy of an ideal Gaussian pulse. For example, the window for
a 40fs pulse encompassing 99 % of the total pulse energy would have bounds

40fs

24/ log 2

¢(401s,0.99) = inverf(0.99) ~ 43.75 fs (56)



Therefore the window should have bounds at £¢(40fs, 0.99).

An equivalent set of boundaries for the Fourier transformed pulse can be found by the same procedure.
Let ¢((dt, X) be defined as the analog to Equation[55 a function which returns the symmetric bounds in
angular frequency space for which the integral of the magnitude squared envelope returns the proportion

X of the total pulse energy.

C(6t, X) = 27“;150{%2 inverf(X)

3.2 Sech Pulse

In its simplest form, the sech pulse is defined

flt,a)=A sech(%)

To solve the integral

IR

— 00

and obtain the normalizing constant A, we use an integral of the form[I]

/ dx B sinh(ax) Lne 2 / dz
cosh"(ax)  a(n—1)cosh” '(ax) n—1J cosh™ *(ax)

noting sech & = cosh™ z. With n = 2, and a = 2/a this becomes
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The second limit can be found by rewriting the hyperbolic tangent in terms of exponentials

o e?t/a _ efﬂ/a e?t/a
tanh(g) e2t/a +e—2t/o¢ ’ e2t/a

e4t/a -1
edt/a +1
e4t/o¢ -1

t—1>u—noo edt/a 41 -

and the first through a similar argument but by multiplication with a different unity function

. ot th/a _ e—2t/o¢ e—2t/o¢
tan (E) - e2t/a +e—2t/o¢ ' e—2t/a

1— e—4t/oz
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(61)



In terms of the original integral this evaluates to

e dt
A—s——=1 71
[Oo coshQ(%) (71)
AQ%(l— —1)) =1 (72)
1
A= 73
N (73)
which is plugged into the original equation, normalizing it and obtaining
2t
fta)=— sech< ) (74)
NG
Solving for the parameter «
2 1 2
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using the identity
14++v1—2a2
arcsech(z) = log SEVIZ , 0<z<1 (80)
x

the function can be expressed in terms of exponentials. When « is substituted into Equation [74] the
final form in the time domain is obtained

f(t,5t) = (M)lp Sech(M) (81)

ot ot

To take the Fourier transform of Equation B a table of integrals|2] is used to express the Fourier
transform in terms of Gamma functions

F* (sech” (t/a)) = f(w,dt) (82)
on-t n + iwa n — iwo
et (5 () )
along with the identity[I]
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to obtain the Fourier transformed equation
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As in the case of the Gaussian pulse, the FWHM of the sech pulse in the time domain is the parameter

ot. Solving for the width of the pulse in terms of f(w, ot)

’2 ‘2

‘f((),ét)

|~
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and by multiplication of ¢ with dw the time bandwidth product is obtained
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~ 1.9782

In terms of ordinary frequency
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The sech pulse also has a useful formula for calculating the total energy contained within a region.
Beginning with the definite integral of Equation [63] and following the same procedure as was taken for

the Gaussian pulse

/ sech? <§> = g‘uanh<§>
—a o 2 «@

“+a

—a

ot
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then, solving a for a proportion of the pulse energy X the following is obtained
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And in the same regards as Equation [B5]

0t arctanh(X)

¢(08,X) = glog(l + ﬁ)
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or, in terms of exponential functions

cot,x) =2 os( %)

4log(1++/2)

The same procedure can be used to obtain the parameter 5(61&, X),

. 4 arctanh(X) log(1 +v/2)
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3.3 Lorentzian Pulses

Beginning in the time domain with a basic form of a Lorentzian envelope function,

A

t - =
f(va) 1+042f2

Solving for the normalizing coefficient A using a table of definite integrals|2]
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A
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and inserting it into Equation [I06] the following is obtained
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whereby substitution into Equation[I10lyields the expression for the Lorentzian pulse in the time domain

1
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The Fourier transform of Equation [[T§ is given by

F(f(t,0t)) = f(w,dt) :/ f(t,ot) et dt (119)
Using a similar integral form from the table[2]
< 1 it T
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Substitution yields
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V2 -1 2V V2 -1
Finally, determining the time bandwidth product of f(w, 8t),
. 2 1. 2
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leaves

Stdw = 2log2\/ V2 — 1 ~ 0.8922 (128)

And in terms or ordinary frequency

0tor = =
2T

oto log2v+v2 —1
w _log2VV2 o1 o, (129)
T
The Lorentzian pulse envelope in the time domain does not have a functional form for the proportional
energy, as did the Gaussian and the sech pulses. It is therefore left to be evaluated numerically if needed
by using the equation

ax
1+ a%a?

aummf&=3(

™

+ arctan(a a)) =X (130)

In terms of angular frequency however, a closed form can be found to be

/a~ f(w,ét)r dw =27 <1—exp<— 1+ﬁa6t>> =21 X (131)
with a solution
x —log(1—X)
0t X)= ——+ 132
‘ ) St/ 14++/2' (132)
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Figure 3: Plot of |f(¢)|* and |f(w)|? for the Gaussian, sech, and Lorentzian pulse envelopes. Functions
are normalized such that the total area under their curve is unity. Units are arbitrary (6t = 4).
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4 Changes to this Document

e 14 October 2011: Initial draft converted from thesis.

e 28 May 2012: Cosmetic changes, new version of Figure [B
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